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INTEGRALITY PROPERTIES OF VARIATIONS OF MAHLER
MEASURES
JIAN ZHOU
Abstract. We propose some conjectures on the integrality properties related
to the variation of Mahler measures, inspired by the results in the elliptic curve
case by Rodriguez Villegas, Stienstra and Zagier.
In the study of mirror symmetry, there are some amazing integrality results,
including the integrality of mirror maps (Lian-Yau integrality) [10, 11, 17, 7, 8, 9, 2,
18] and the integrality of instanton numbers (including Gopakumar-Vafa integrality
for closed strings and Ooguri-Vafa integrality for open strings in arbitrary genera),
see e.g. [6, 4, 12, 13, 5]. In this note we will propose some conjectures on the
integrality properties related to the variation of Mahler measures, inspired by the
results in the elliptic curve case in [14, 15, 16]. More precisely, we will identify
a quantity Q(z) associated with the variation of Mahler measures with the local
mirror map, and make some conjectures about the integrality properties of its
expression in term of the mirror parameter q(z) and vice versa. Some examples are
presented.
1. variations of Mahler Measures, Periods, Picard-Fuchs Equations
and Mirror Maps
1.1. One-parameter deformations of Fermat type hypersurfaces in weighted
projective spaces. The geometric objects we will study are deformations of Fer-
mat type Calabi-Yau hypersurfaces of the form:
(1) xk11 + · · ·+ xknn − kψx1 · · ·xn = 0
in a weighted projective space Pn−1w1,...,wn . Here k1 ≤ · · · ≤ kn are positive integers
such that
(2)
1
k1
+ · · ·+ 1
kn
= 1,
k is the least common multiplier of k1, . . . , kn, and w1 = k/k1, . . . , wn = k/kn.
For each n, there are only finitely many solutions to (2). They can be found by
the following search algorithm: First k1 is bounded between 2 and n, we search in
a reversed order for k1 in this range; for fixed k1, k2 has the following bound:
k1 ≤ k2 ≤ n− 1
1− 1k1
,
we search for k2 in reversed order in this range; for fixed k1, k2, k3 has the following
bound:
k2 ≤ k3 ≤ n− 2
1− 1k1 − 1k2
,
1
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we search for k3 in reversed order in this range, and so on. This algorithm can be
easily implemented by a computer algebra system 1. The following are the results
for n = 2, 3, 4, 5. For n = 2, there is only one solution: (2, 2); For n = 3, there are
3 solutions: (3, 3, 3), (2, 4, 4), (2, 3, 6). For n = 4, there are 13 solutions: (4, 4, 4, 4),
(3, 4, 4, 6), (3, 3, 4, 12), (2, 6, 6, 6), (2, 5, 5, 10), (2, 4, 8, 8), (2, 4, 6, 12), (2, 4, 5, 20),
(2, 3, 12, 12), (2, 3, 10, 15), (2, 3, 9, 18), (2, 3, 8, 24), (2, 3, 7, 42). For n = 5, there
are 147 solutions:
(5, 5, 5, 5, 5), (4, 4, 6, 6, 6), (4, 4, 5, 5, 10), (4, 4, 4, 8, 8),
(4, 4, 4, 6, 12), (4, 4, 4, 5, 20), (3, 6, 6, 6, 6), (3, 5, 5, 6, 10),
(3, 5, 5, 5, 15), (3, 4, 6, 8, 8), (3, 4, 6, 6, 12), (3, 4, 5, 6, 20),
(3, 4, 5, 5, 60), (3, 4, 4, 12, 12), (3, 4, 4, 10, 15), (3, 4, 4, 9, 18),
(3, 4, 4, 8, 24), (3, 4, 4, 7, 42), (3, 3, 9, 9, 9), (3, 3, 8, 8, 12),
(3, 3, 7, 7, 21), (3, 3, 6, 12, 12), (3, 3, 6, 10, 15), (3, 3, 6, 9, 18),
(3, 3, 6, 8, 24), (3, 3, 6, 7, 42), (3, 3, 5, 15, 15), (3, 3, 5, 12, 20),
(3, 3, 5, 10, 30), (3, 3, 5, 9, 45), (3, 3, 5, 8, 120), (3, 3, 4, 24, 24),
(3, 3, 4, 21, 28), (3, 3, 4, 20, 30), (3, 3, 4, 18, 36), (3, 3, 4, 16, 48),
(3, 3, 4, 15, 60), (3, 3, 4, 14, 84), (3, 3, 4, 13, 156), (2, 8, 8, 8, 8),
(2, 7, 7, 7, 14), (2, 6, 9, 9, 9), (2, 6, 8, 8, 12), (2, 6, 7, 7, 21),
(2, 6, 6, 12, 12), (2, 6, 6, 10, 15), (2, 6, 6, 9, 18), (2, 6, 6, 8, 24),
(2, 6, 6, 7, 42), (2, 5, 10, 10, 10), (2, 5, 8, 8, 20), (2, 5, 7, 7, 70),
(2, 5, 6, 15, 15), (2, 5, 6, 12, 20), (2, 5, 6, 10, 30), (2, 5, 6, 9, 45),
(2, 5, 6, 8, 120), (2, 5, 5, 20, 20), (2, 5, 5, 15, 30), (2, 5, 5, 14, 35),
(2, 5, 5, 12, 60), (2, 5, 5, 11, 110), (2, 4, 12, 12, 12), (2, 4, 10, 12, 15),
(2, 4, 10, 10, 20), (2, 4, 9, 12, 18), (2, 4, 9, 9, 36), (2, 4, 8, 16, 16),
(2, 4, 8, 12, 24), (2, 4, 8, 10, 40), (2, 4, 8, 9, 72), (2, 4, 7, 14, 28),
(2, 4, 7, 12, 42), (2, 4, 7, 10, 140), (2, 4, 6, 24, 24), (2, 4, 6, 21, 28),
(2, 4, 6, 20, 30), (2, 4, 6, 18, 36), (2, 4, 6, 16, 48), (2, 4, 6, 15, 60),
(2, 4, 6, 14, 84), (2, 4, 5, 13, 156), (2, 4, 5, 40, 40), (2, 4, 5, 36, 45),
(2, 4, 5, 30, 60), (2, 4, 5, 28, 70), (2, 4, 5, 25, 100), (2, 4, 5, 24, 120),
(2, 4, 5, 22, 220), (2, 4, 5, 21, 420), (2, 3, 18, 18, 18), (2, 3, 16, 16, 24),
(2, 3, 15, 20, 20), (2, 3, 15, 15, 30), (2, 3, 14, 21, 21), (2, 3, 14, 15, 35),
(2, 3, 14, 14, 42), (2, 3, 13, 13, 78), (2, 3, 12, 24, 24), (2, 3, 12, 21, 28),
(2, 3, 12, 20, 30), (2, 3, 12, 18, 36), (2, 3, 12, 16, 48), (2, 3, 12, 15, 60),
(2, 3, 12, 14, 84), (2, 3, 12, 13, 156), (2, 3, 11, 22, 33), (2, 3, 11, 15, 110),
(2, 3, 11, 14, 231), (2, 3, 10, 30, 30), (2, 3, 10, 24, 40), (2, 3, 10, 20, 60),
(2, 3, 10, 18, 90), (2, 3, 10, 16, 240), (2, 3, 9, 36, 36), (2, 3, 9, 30, 45),
(2, 3, 9, 27, 54), (2, 3, 9, 24, 72), (2, 3, 9, 22, 99), (2, 3, 9, 21, 126),
(2, 3, 9, 20, 180), (2, 3, 9, 19, 342), (2, 3, 8, 48, 48), (2, 3, 8, 42, 56),
(2, 3, 8, 40, 60), (2, 3, 8, 36, 72), (2, 3, 8, 33, 88), (2, 3, 8, 32, 96),
(2, 3, 8, 30, 120), (2, 3, 8, 28, 168), (2, 3, 8, 27, 216), (2, 3, 8, 26, 312),
(2, 3, 8, 25, 600), (2, 3, 7, 84, 84), (2, 3, 7, 78, 91), (2, 3, 7, 70, 105),
(2, 3, 7, 63, 126), (2, 3, 7, 60, 140), (2, 3, 7, 56, 168), (2, 3, 7, 54, 189),
(2, 3, 7, 51, 238), (2, 3, 7, 49, 294), (2, 3, 7, 48, 336), (2, 3, 7, 46, 483),
(2, 3, 7, 45, 630), (2, 3, 7, 44, 924), (2, 3, 7, 43, 1806).
When n = 6, there are 3462 solutions, e.g. (2, 7, 43, 1807, 3263442).
1The author thanks Dr. Fei Yang for providing us the Maple codes that implements the search
algorithm.
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There are two ways to count the number of solutions to (2) for each n. The first
is a simple count, i.e., each solution is counted as 1. The second is a weighted count,
i.e., each solution is counted as 1 over the order of its automorphism group. By an
automorphism of a solution (k1, . . . , kn), we mean a permutation σ ∈ Sn such that
kσ(i) = ki for all i = 1, . . . , n. It is interesting to study these counting problems.
1.2. Variations of Mahler measures. Given a solution (k1, . . . , kn) to (2), let
k be the least common multiplier of k1, . . . , kn. Consider a weighted homogeneous
polynomial of the form kψ
∏n
i=1 xi − P (x1, . . . , xn), where
P (x1, . . . , xn) :=
n∑
i=1
xkii
with ψ a complex parameter. This is a weighted homogeneous polynomial of degree
k1w1 = · · · = knwn = w1 + · · ·+ wn = k,
it defines a Calabi-Yau hypersurface Xψ in the weighted projective space P
n−1
w
,
where w = (w1, . . . , wn). For e = (ǫ1, . . . , ǫn−1) ∈ Rn−1+ , consider the following
(n− 1)-cycle Ce in Pn−1w defined by:
(3) |x1| = ǫ1, . . . , |xn−1| = ǫn−1, xn = 1.
Consider the following integral over this cycle:
(4) M˜ := exp
(
− 1
(2πi)n−1
∮
Ce
log(ψ − P (x1, . . . , xn−1, 1)
kx1 · · ·xn−1 )
dx1
x1
· · · dxn−1
xn−1
)
.
Recall the logarithmic Mahler measure m(F ) and the Mahler measure M(F ) of a
Laurent polynomial F (x1, . . . , xn−1) with complex coefficients are:
m(F ) :=
1
(2πi)n−1
∮
· · ·
∮
|x1|=ǫ1,...,|xn−1|=ǫn−1
log |F |
n−1∏
i=1
dxi
xi
,(5)
M(F ) := exp(m(F )) .(6)
One then finds
(7) M(Fψ) = |M˜ |−1,
where Fψ(x1, . . . , xn−1) = ψ− P (x1,...,xn−1,1)kx1···xn−1 . In the case of elliptic curves [14], the
Mahler measure is related to the special values of the L-function associated to Xψ
by Beilinson Conjectures. Similar relationship is expected in higher dimensions.
By taking expansion in ξ = ψ−1, one gets from (4):
M˜ = ξ exp
( ∞∑
m=1
ξm
mkm
1
(2πi)2
∮
Ce
(
∑n−1
i=1 x
ki
i + 1)
m
(x1 · · ·xn−1)m
n−1∏
j=1
dxj
xj
)
.
Thus
(8) M˜ = ξ exp
(
∞∑
m=1
cm
ξm
mkm
)
with cm the coefficient of x
m
1 · · ·xmn−1 in (
∑n−1
i=1 x
ki
i + 1)
m. In particular, Q is
independent of the choices of ǫ1, . . . , ǫn−1. By multinomial formula, one easily gets:
(9) cm =
{
m!∏
n
i=1
(m/ki)!
, k|m,
0, otherwise.
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Let Q = M˜k/kk, and z = ξk/kk, then we have
(10) Q = z exp
( ∞∑
m=1
(km)!∏n
i=1(wim)!
zm
m
)
.
1.3. Periods and Picard-Fuchs equations. Let θ = z ddz . Differentiating (4)
and (10) one finds
θ logQ =
ψ
(2πi)n−1
∮
Cǫ
dx1 · · · dxn−1
kψx1 · · ·xn−1 − P (x1, . . . , xn−1, 1)(11)
=
∞∑
m=0
(km)!∏n
i=1(wim)!
zm.(12)
Thus θ logQ is a period of a family ωψ of holomorphic forms on Xψ.
Write
(13) αm :=
(km)!∏n
i=1(wim)!
=
kkm
∏km−1
j=0 (m− jk )∏n
i=1[w
wi
i
∏wim−1
j=0 (m− jwi )]
,
Then we have
(14)
αm
αm−1
=
kk
∏k−1
j=0 (m− jk )∏n
i=1[w
wi
i
∏wi−1
j=0 (m− jwi )]
=
kk∏n
i=1 w
wi
i
l∏
j=1
m− 1 + aj
m− bj ,
where in the second equality we remove the common factors of the numerator and
the denominator. The equality
(15)
kk∏n
i=1 w
wi
i
l∏
j=1
m− 1 + aj
m− bj =
(km)!
(k(m− 1))! ·
n∏
i=1
(wi(m− 1))!
(wim)!
and
(16)
l∑
j=1
(
1
m− 1 + aj −
1
m− bj ) =
k−1∑
j=0
1
m− jk
−
n∑
i=1
wi−1∑
j=0
1
m− jwi
will be of use below.
The recursion relation
(17)
l∏
j=1
(m− bj)αm = k
k∏n
i=1 w
wi
i
·
l∏
j=1
(m− 1 + aj)αm−1
is equivalent to the following Picard-Fuchs equation:
(18)
l∏
j=1
(θ − bj)Φ = z k
k∏n
i=1 w
wi
i
·
l∏
j=1
(θ + aj)Φ
satisfied by θ logQ.
The recursion relation
(19)
αm
αm−1
=
kk
∏k−1
j=0 (m− jk )∏n
i=1[w
wi
i
∏wi−1
j=0 (m− jwi )]
can also be rewritten as
(20)
n∏
i=1
wi−1∏
j=0
(m− j
wi
) · αm = k
k∏n
i=1 w
wi
i
·
k−1∏
j=0
(m− 1 + 1− j
k
)αm−1.
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It is equivalent to the Picard-Fuchs equation:
(21)
n∏
i=1
wi−1∏
j=0
(θ − j
wi
) · Φ = z k
k∏n
i=1 w
wi
i
·
k−1∏
j=0
(θ + 1− j
k
)Φ.
In some cases one has
(22)
αm
αm−1
=
kk∏n
i=1 w
wi
i
∏n−1
j=1 (m− 1 + aj)
mn−1
,
where {a1, . . . , an−1} is obtained from the set { 1k , 2k , . . . , k−1k } by removing integral
multiples of 1ki =
wi
k , where wi > 1. In this case the Picard-Fuchs equation takes
the following form:
(23) θn−1Φ =
kkz∏n
i=1 w
wi
i
n−1∏
j=1
(θ + aj)Φ.
This happens if and only if (wi, wj) = 1 for i 6= j.
For n = 2, the only case (k1, k2) = (2, 2) has this property. The Picard-Fuchs
equation is
(24) θΦ− z(θ + 1
2
)Φ = 0.
For n = 3, all cases of solutions to (2) has this property. The Picard-Fuchs operators
are:
θ2 − z(θ + 1
3
)(θ +
2
3
), (k1, k2, k3) = (3, 3, 3),(25)
θ2 − z(θ + 1
4
)(θ +
3
4
), (k1, k2, k3) = (2, 2, 4),(26)
θ2 − z(θ + 1
6
)(θ +
5
6
), (k1, k2, k3) = (2, 3, 6).(27)
For n = 4, we have the following cases:
θ3 − z(θ + 1
4
)(θ +
2
4
)(θ +
3
4
), (k1, k2, k3, k4) = (4, 4, 4, 4),(28)
θ3 − z(θ + 1
6
)(θ +
3
6
)(θ +
5
6
), (k1, k2, k3, k4) = (2, 6, 6, 6).(29)
For n = 5 we have the following cases:
θ4 − z(θ + 1
5
)(θ +
2
5
)(θ +
3
5
)(θ +
4
5
), ~k = (5, 5, 5, 5, 5),(30)
θ4 − z(θ + 1
6
)(θ +
2
6
)(θ +
4
4
)(θ +
5
6
), ~k = (3, 6, 6, 6, 6),(31)
θ4 − z(θ + 1
8
)(θ +
3
8
)(θ +
5
8
)(θ +
7
8
), ~k = (2, 8, 8, 8, 8),(32)
θ4 − z(θ + 1
10
)(θ +
3
10
)(θ +
7
10
)(θ +
9
10
), ~k = (2, 5, 10, 10, 10).(33)
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1.4. Logarithmic solutions and mirror maps. Equation (18) has a solution of
logarithmic behavior:
(34) g1(z) = g0(z) · log z + h(z),
where g0(z) = θ logQ =
∑
m≥0
(km)!∏
n
i=1
(wim)!
zm and h(z) =
∑
m≥1 γmz
m. Rewrite
(23) as
l∏
j=1
(θ − bj)h(z) = k
k∏n
i=1 w
wi
i
z
l∏
j=1
(θ + aj)h(z)(35)
+
kk∏n
i=1 w
wi
i
z
l∑
i=1
∏l
j=1(θ + aj)
θ + ai
g0(z)−
l∑
i=1
∏l
j=1(θ − bj)
θ − bi g0(z).
This is equivalent to the following initial value
(36) γ1 =
n∑
i=1
(
1
ai
− 1
1− bi )
k!∏n
i=1 wi!
and recursion relation:
l∏
j=1
(m− bj) · γm = k
k∏n
i=1 w
wi
i
l∏
j=1
(m− 1 + aj) · γm−1(37)
−
l∑
i=1
∏l
j=1(m− bj)
m− bi
(km)!∏n
i=1(wim)!
+
kk∏n
i=1 w
wi
i
l∑
i=1
∏l
j=1(m− 1 + aj)
m− 1− ai
k(m− 1))!∏n
i=1(wi(m− 1))!
.
Dividing both sides by
∏l
j=1(m− bj) and making use of (15) and (16), one gets
γm =
(km)!
(k(m− 1))! ·
n∏
i=1
(wi(m− 1))!
(wim)!
· γm−1(38)
+
l∑
i=1
(
1
m− 1 + ai −
1
m− bi )
(km)!∏n
i=1(wim)!
.
The solution is given by
γm =
m∑
j=1
l∑
i=1
(
1
j − 1 + ai −
1
j − bi ) ·
(km)!∏n
i=1(wim)!
(39)
=
m∑
j=1
(
k−1∑
a=0
1
j − ak
−
n∑
i=1
wi−1∑
a=0
1
j − awi
) · (km)!∏n
i=1(wim)!
.(40)
One can also derive this solution from (21).
The mirror map is defined by
(41) q := exp
(
g1(z)
g0(z)
)
= z exp(h(z)/g0(z)).
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1.5. A related Picard-Fuchs system and its mirror map. In this section we
will relate Q to the mirror map of the following Picard-Fuchs equation related to
(21):
(42)
n∏
i=1
wi−1∏
j=0
(θ − j
wi
) · Φ = z k
k∏n
i=1 w
wi
i
·
k−1∏
j=0
(θ +
j
k
)Φ.
Clear Φ = 1 is a solution, and we have the following logarithmic solution:
(43) Φ1 = log z +
∞∑
m=1
(km)!∏n
i=1(wim)!
zm
m
.
The corresponding mirror map is defined by
Q = eΦ1 .
Note this is exactly the map Q defined in (10).
For example, when (w1, w2, w3) = (1, 1, 1), this is the Picard-Fuch system asso-
ciated with the local P2 geometry [1], i.e. the canonical line bundle κP2 . In general,
the Picard-Fuchs system (42) is associated with the local Calabi-Yau geometry of
κ
P
n−1
w1,...,wn
. Hence we will refer to the mirror map Q as the local mirror map.
2. Integrality Properties of Variation of Mahler Measures
It is expected that z, g0(z),
d
dq logQ are modular forms for the monodromy
group of the Picard-Fuchs equation, and often they can be expressed in terms
of usual modular forms. See [14, 15, 16] for examples in the elliptic curve case.
Our conjectures below are inspired by the results in these papers. We focus on
the integrality properties in this paper and leave the modular properties to future
investigations.
We have q = zeh(z)/g0(z) and Q = zefn(z), where
fn(z) =
∞∑
m=1
(mk)!∏n
i=1(wim)!
zm
m
.
Proposition 2.1. One has q,Q ∈ z + zZ[[z]].
Proof. By a result in [18], we have (z−1Q)1/k ∈ 1 + zZ[[z]]. By the main result in
[2], to see q ∈ z + zZ[[z]] one has to show that
(44) [kx]−
n∑
i=1
[wix] ≥ 1
for x ∈ [ 1k , 1), where [x] means the integral part of x, i.e., [x] is an integer such that
[x] ≤ x < [x] + 1, with equality if and only if x ∈ Z. Therefore,
(45)
n∑
i=1
[wix] ≤
n∑
i=1
wix = kx,
with equality if and only if wix ∈ Z for all i = 1, . . . , n. Therefore, one has
(46) [kx]−
n∑
i=1
[wix] ≥ 0
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for all x. This function is right continuous and jumps at j/k, j = 1, . . . , k − 1. So
it suffices to check
(47) j −
n∑
i=1
[wij/k] > 0
for all j = 1, . . . , k− 1. If ∑ni=1[wij/k] = j for some j = 1, . . . , k− 1, then we have
wij/k = ai
for some integer ai for all i = 1, . . . , n. This means
(48) j = ai
k
wi
= aiki,
i.e., j is a common multiplier of k1, . . . , kn, hence j ≥ k. A contradiction. 
Conjecture 1. We have (z−1q)1/k ∈ Z[[z]].
Using the Lagrange-Good inversion formula [3] as in [18] one finds z =
∑∞
m=1 amq
m
and z =
∑∞
m=1AmQ
m, where
(49) am = the coefficient of z
m−1 in (1 + θ(h(z)/g0(z)) · e−mh(z)/g0(z),
and
(50) Am = the coefficient of z
m−1 in (1 + θfn(z)) · e−mfn(z).
These coefficients are also integers, i.e., z ∈ q + qZ[[q]] and z ∈ Q +QZ[[Q]]. Now
we have Q = z+O(z2) and q = z+O(z2), so one can eliminate z and use (49) and
(50) to express Q as a function of q and vice versa. It is easy to see that Q ∈ qZ[[q]]
and q ∈ QZ[[Q]]. Write
(51) g0(z) = 1 +
∞∑
m=0
cmq
m = 1+
∞∑
m=0
CmQ
m.
Then the coefficients {cm}m≥1 and {Cm}m≥1 are integers.
Note
(52) q
d
dq
logQ = z
d
dz
logQ · q
z
dz
dq
= g0(z) · q
z
dz
dq
.
Because
(53) z
d log q
dz
= 1 + θ(
h(z)
g0(z)
) = 1 +
h(z)θg0(z)− g0(z)θh(z)
g0(z)2
.
Therefore,
(54) q
d
dq
logQ =
g0(z)
1 + θ( h(z)g0(z) )
=
g30(z)
g20(z) + h(z)θg0(z)− g0(z)θh(z)
.
It follows that q ddq logQ lies in Q[[z]] hence in Q[[q]]. Write
(55) q
d
dq
logQ = 1 +
∞∑
m=1
umq
m
and define
(56) bm = − 1
m2
∑
d|m
µ(n/d)ud
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and
(57) bˆm = − 1
m2
∑
d|m
µ(n/d)(−1)dud.
Equivalently,
(58) q
d
dq
logQ = 1−
∑
m≥1
bm
m2qm
1− qm = 1−
∑
m≥1
bˆm
m2(−q)m
1− (−q)m .
Conjecture 2. The numbers bm and bˆm are integers so that
(59) Q = q
∏
m≥1
(1− qm)mbm = q
∏
m≥1
(1− (−q)m)mbˆm .
Similarly from
(60) Q
d
dQ
log q =
Q
z
dz
dQ
· z d
dz
log q,
and
(61)
z
Q
dQ
dz
= z
d
dz
logQ = g0(z)
we get:
(62) Q
d
dQ
log q =
1 + θ( h(z)g0(z) )
g0(z)
=
g20(z) + h(z)θg0(z)− g0(z)θh(z)
g30(z)
.
It follows that Q ddQ log q lies in Q[[z]] hence in Q[[Q]]. Write
(63) Q
d
dQ
log q = 1 +
∞∑
m=1
vmQ
m
and define
(64) cm = − 1
m2
∑
d|m
µ(n/d)vd
and
(65) cˆm = − 1
m2
∑
d|m
µ(n/d)(−1)dvd.
Equivalently,
(66) Q
d
dQ
log q = 1−
∑
m≥1
cm
m2Qm
1−Qm = 1−
∑
m≥1
cˆm
m2(−Q)m
1− (−Q)m .
Conjecture 3. The numbers cm and cˆm are integers so that
(67) q = Q
∏
m≥1
(1−Qm)mcm = Q
∏
m≥1
(1− (−Q)m)mcˆm .
We have written a Maple algorithm to automate the calculations of the numbers
bm, bˆmcm, cˆm and verify their integrality in various cases. Some results are presented
in the following sections.
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3. Examples
3.1. The n = 2 case. There is only one possibility:
(68) x21 + x
2
2 = 2ψx1x2.
Geometrically, Xψ is just two points in P
1. The Picard-Fuchs operator is given by
(69) L = θ − 22z(θ + 1
2
),
where z = (2ψ)−2, θ = z ∂∂z . It follows that
g0(z) =
∞∑
m=0
(2m)!
(m!)2
zm =
1√
1− 4z ,(70)
g1(z) = log z ·
∞∑
m=0
(2m)!
(m!)2
zm +
∞∑
m=1
(2m)!
(m!)2
·
m∑
k=1
(
1
k − 1/2 −
1
k
) · zm,(71)
Q(z) = z exp
∞∑
m=1
(2m)!
(m!)2
zm
m
=
4z
(1 +
√
1− 4z)2 .(72)
From the last equality one easily finds
(73) z =
Q
(1 +Q)2
,
and so
(74) g0(z) =
1 +Q
1−Q.
Our Maple algorithm indicates that
(75) Q = q.
I.e.,
(76)
∞∑
m=1
(2m)!
(m!)2
zm
m
·
∞∑
m=0
(2m)!
(m!)2
zm =
∞∑
m=1
(2m)!
(m!)2
·
m∑
k=1
(
1
k − 1/2 −
1
k
) · zm,
or equivalently, for m ≥ 1,
(77)
m∑
a=1
1
a
(
2a
a
)
·
(
2m− 2a
m− a
)
=
(
2m
m
) m∑
k=1
(
1
k − 1/2 −
1
k
).
This does not seem to be easy to establish. Another equivalent formulation is
(78)
∞∑
m=1
(2m)!
(m!)2
·
m∑
k=1
(
1
k − 1/2 −
1
k
) · zm = 1√
1− 4z log
4
(1 +
√
1− 4z)2 .
This does not seem to be easy to establish either.
3.2. The n = 3 case. There are 3 possibilities, corresponding to elliptic curves in
weighted projective planes. They have been studied in [14, 15, 16], which are the
source of inspirations of this work. For
(79) x31 + x
3
2 + x
3
3 = 3ψx1x2x3
we have
INTEGRALITY PROPERTIES OF VARIATIONS OF MAHLER MEASURES 11
m bm bˆm cm cˆm cˆm/m
1 9 -9 -9 9 9
2 -9 -9/2 -63/2 -36 -18
3 0 0 -243 243 81
4 9 9 -2304 -2304 -576
5 -9 9 -25425 25425 5085
6 0 0 -614061/2 -307152 -51192
7 9 -9 -3957534 3957534 565362
8 -9 -9 -53475840 -5347840 -6684480
9 0 0 -749220273 749220273 83246697
10 9 9/2 -21600703575/2 -10800364500 -1080036450
For the elliptic curve
(80) x21 + x
4
2 + x
4
3 = 4ψx1x2x3
m bm bˆm
1 28 -28
2 -134 -120
3 996 -996
4 -10720 -10720
5 139292 -139292
6 -2019450 -2018952
7 31545316 -31545316
8 -520076672 -520076672
9 8930941980 -8930941980
10 -158342776966 -158342707320
m cm cm/m cˆm cˆm/m
1 -28 -28 28 28
2 -258 -129 -272 -136
3 -4860 -1620 4860 1620
4 -116864 -29216 -116864 -29216
5 -3259600 -651920 3259600 651920
6 -99763218 -16627203 -99765648 -16627608
7 -3256509228 -465215604 3256509228 465215604
8 -111422514176 -13927814272 -111422514176 -13927814272
9 -3951764383896 -439084931544 3951764383896 439084931544
10 -144178140979800 -14417814097980 -144178142609600 -14417814260960
For the elliptic curve
(81) x21 + x
3
2 + x
6
3 = 6ψx1x2x3
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m bm bˆm
1 252 -252
2 -13374 -13248
3 1253124 -1253124
4 -151978752 -151978752
5 21255487740 -21255487740
6 -3255937602498 -3255936975936
7 531216722607876 -531216722607876
8 -90773367805541376 -90773367805541376
9 16069733941012586748 -16069733941012586748
10 -2925411405456230806590 -2925411405445603062720
m bm/m bˆm/m
1 252 -252
2 -6687 -6624
3 417708 -417708
4 -37994688 -37994688
5 4251097548 -4251097548
6 -542656267083 -542656162656
7 531216722607876/7 -531216722607876/7
8 -11346670975692672 -11346670975692672
9 1785525993445842972 -1785525993445842972
10 -292541140545623080659 -292541140544560306272
m cm cˆm
1 -252 252
2 -18378 -18504
3 -2545884 2545884
4 -457060032 -457060032
5 -94790322000 94790322000
6 -21537521398170 -21537522671112
7 -5211710079116940 5211710079116940
8 -1320613559984014848 -1320613559984014848
9 -346614112277503632216 346614112277503632216
10 -93531635843711988483000 -93531635843759383644000
m cm/m cˆm/m
1 -252 252
2 -9189 -9252
3 -848628 848628
4 -114265008 -114265008
5 -18958064400 18958064400
6 -3589586899695 -3589587111852
7 -744530011302420 744530011302420
8 -165076694998001856 -165076694998001856
9 -38512679141944848024 38512679141944848024
10 -9353163584371198848300 -9353163584375938364400
3.3. The n = 4 case. For the K3 surface
(82) x41 + · · ·+ x44 = 4ψx1 · · ·x4
INTEGRALITY PROPERTIES OF VARIATIONS OF MAHLER MEASURES 13
we have
m bm bˆm bm/m bˆm/m
1 80 -80 80 -80
2 80 120 40 60
3 240 -240 80 -80
4 160 160 40 40
5 400 -400 80 -80
6 240 360 40 60
7 560 -560 80 -80
8 320 320 40 40
9 720 - 720 80 -80
10 400 600 40 60
m cm cˆm
1 -80 80
2 -3280 -3320
3 -272240 272240
4 -29945760 -29945760
5 -3860155600 3860155600
6 -550279367920 -550279504040
7 -84101456589360 84101456589360
8 -13526805760545600 -13526805760545600
9 -2262255520889560560 2262255520889560560
10 -390188833066192395600 -390188833068122473400
m cm/m cˆm/m
1 -80 80
2 -1640 -1660
3 -272240/3 272240/3
4 -7486440 -7486440
5 -772031120 772031120
6 -275139683960/3 -275139752020/3
7 -12014493798480 12014493798480
8 -1690850720068200 -1690850720068200
9 -754085173629853520/3 754085173629853520/3
10 -39018883306619239560 -39018883306812247340
We have also verify the case of
(83) x41 + x
3
2 + x
3
2 + x
2
4 − 12ψx1 · · ·x4 = 0.
It turns out that bm/m, bˆm/m, cm/m and cˆm/m are all integers. The numbers are
too large to reproduce here. For example,
b5 = 31088578606413096899258654040.
3.4. The n = 5 case. For the case of
(84) x51 + · · ·+ x55 = 5ψx1 · · ·x5
we have checked that bm, bˆm, cm and cˆm are all integers divisible by 5, e.g.,
b5 = 25050301099750,
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but not all bm/m, bˆm/m, cm/m and cˆm/m are integers. For example,
b7/7 = 31249534645239703150/7.
We have also checked the case of
(85) x31 + x
3
2 + x
2
3 + x
2
4 + x
2
5 = 12ψx1 · · ·x5
The numbers bm/m, bˆm/m, cm/m and cˆm/m are all integers. For example,
b6
6
= −61961714940992690898780121741257228991904436.
3.5. The n > 5 cases. We have also checked various n > 5 cases, e.g. the case of
(86) x61 + · · ·+ x66 = 6ψx1 · · ·x6
and the case of
(87) x71 + · · ·+ x77 = 7ψx1 · · ·x7.
We conjecture that all bm/m, bˆm/m, cm/m and cˆm are integers are divisible by n
for the case of
(88) xn1 + · · ·+ xnn = nψx1 · · ·xn.
3.6. Discussions. In this paper we have considered the variation of Mahler mea-
sures of some polynomials and define a function Q. We have identified Q with the
local mirror map of a related Picard-Fuchs system, which corresponds to some local
Calabi-Yau geometry. Some conjectures are made about some integrality properties
of the expression of Q in terms of q and the expression of q in terms of Q. Their
enumerative meaning is not clear at present.
In [15] Beauville’s semistable families of elliptic curves over P1 with four singular
fibers were considered. It is interesting to extend the discussion in this paper to
semistable families of Calabi-Yau n-folds over P1 for n > 1. In this paper we
have only considered hypergeometric series in one variable. Another direction for
extension is to consider multivariate hypergeometric series. We hope to address
these problems in subsequent research.
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